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1. (a) Note that

|z| = 3|z + i|

⇐⇒ x2 + y2 = 9(x2 + (y + 1)2)

⇐⇒ x2 +

(
y +

9

8

)2

=
9

64

Therefore, this equation represents a circle centred at z = −9

8
i with radius

3

8
.

(The graph is omitted.)

(b) Since

√
2i

1 + i
= ei(

π
4 +2kπ) for any k ∈ Z, we have

( √
2i

1 + i

) 1
6

=
{
ei

π
24 , ei(

π
24+

2π
6 ), ei(

π
24+

4π
6 ), ei(

π
24+

6π
6 ), ei(

π
24+

8π
6 ), ei(

π
24+

10π
6 )
}

=
{
ei

π
24 , ei

9π
24 , ei

17π
24 , ei

25π
24 , ei

33π
24 , ei

41π
24

}
2. Given that f(z) = ex

2−y2+a[cos(2xy + b) + i sin(2xy + b)]. We have

u(x, y) = ex
2−y2+a cos(2xy + b) and v(x, y) = ex

2−y2+a sin(2xy + b).

Note that

ux = ex
2−y2+a[2x cos(2xy + b)− 2y sin(2xy + b)] = vy

uy = ex
2−y2+a[−2y cos(2xy + b)− 2x sin(2xy + b)] = −vx

Since ux, uy, vx and vy are continuous and satisfy the Cauchy-Riemann equation for all z ∈ C, f(z)

is an analytic function over C.

Furthermore,

f ′(z) = ux + ivx

= ex
2−y2+a[2x cos(2xy + b)− 2y sin(2xy + b)] + iex

2−y2+a[2y cos(2xy + b) + 2x sin(2xy + b)]

= ex
2−y2+a[cos(2xy + b) + i sin(2xy + b)](2x+ i(2y))

= f(z)(2z)

So we have
f ′(z)

f(z)
= 2z.
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3. For the function tanh z =
sinh z

cosh z
,

{zeros of tanh z} = {zeros of sinh z}

= {zeros of −i sin(iz)}

= {z | iz = nπ for some n ∈ Z}

= {z | z = nπi for some n ∈ Z}

{singularity of tanh z} = {zeros of cosh z}

= {zeros of cos(iz)}

= {z | −iz =
π

2
+ nπ for some n ∈ Z}

= {z | z =

(
n+

1

2

)
πi for some n ∈ Z}

4. For the function f(z) =
Log(1 + z)

z2 − i
, note that the function is not well-defined if

(i) z2 − i = 0;

(ii) Log(1 + z) is not well-defined.

For (i), note that z2 = i = ei(
π
2 ) implies z = ±ei(

π
4 ) = ±

(√
2
2 +

√
2
2 i
)

.

For (ii), Log(1 + z) is not well-defined if and only if (1 + z) = −r for some r ≥ 0, i.e. z = −1− r
for some r ≥ 0.

As a result, the maximum domain of f(z) is given by

C\

({
±

(√
2

2
+

√
2

2
i

)}
∪ {z = −1− r | r ≥ 0}

)
.

(The graph is omitted.)

5. For the contour C parametrized by γ(θ) = i+ eiθ, where θ ∈ [0, π2 ],∫
C

(|z − i|4 − z̄)dz

=

∫ π
2

0

(|eiθ|4 − (i+ eiθ))d(i+ eiθ)

=

∫ π
2

0

[1− (cos θ − i(1 + sin θ))]ieiθdθ

= i

∫ π
2

0

[(1− cos θ) + i(1 + sin θ)](cos θ + i sin θ)dθ

= i

∫ π
2

0

[[cos θ(1− cos θ)− sin θ(1 + sin θ)] + i[cos θ(1 + sin θ) + sin θ(1− cos θ)]] dθ

= −
∫ π

2

0

(cos θ + sin θ)dθ + i

∫ π
2

0

(cos θ − sin θ − 1)dθ

= −2− π

2
i

2


